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Symbolicregression has a crucial role in modern scientific research owing
toits capability of discovering concise and interpretable mathematical

expressions from data. A key challenge lies in the search for parsimonious
and generalizable mathematical formulas, in aninfinite search space,
while intending to fit the training data. Existing algorithms have faced a
critical bottleneck of accuracy and efficiency over a decade when handling
problems of complexity, which essentially hinders the pace of applying
symbolic regression for scientific exploration across interdisciplinary
domains. Here, to this end, we introduce parallel symbolic enumeration
(PSE) to efficiently distill generic mathematical expressions from limited
data. Experiments show that PSE achieves higher accuracy and faster

computation compared with the state-of-the-art baseline algorithms across
over 200 synthetic and experimental problem sets (for example, improving
therecovery accuracy by up to 99% and reducing runtime by an order of

magnitude). PSE represents an advance in accurate and efficient data-driven

discovery of symbolic, interpretable models (for example, underlying
physical laws), and improves the scalability of symbolic learning.

For centuries, scientific discovery hasbeenincreasingly driven by data.
Symbolic regression (SR) stands at the forefront of this movement,
aiming to automatically distillinterpretable mathematical expressions
from observational data without presupposing specific functional
forms'. This capability has catalyzed scientific advances across mul-
tiple domains, including astronomical modeling?, materials science®
and physical law discovery*, among other applications>®. The funda-
mental challenge in SR arises from the combinatorial explosion of
possible expressions, rendering exhaustive search. While conventional
regression techniques excel at parameter estimation for predetermined
models’, they offer limited utility when the underlying mathematical
structure is unknown.

Evolutionary computation approaches address this structural
discovery problem through heuristic search mechanisms. Genetic
programming (GP) and related algorithms™® explore expression
spaces by applying genetic operations to tree-based representations,
while Bayesian methods’ employ probabilistic sampling to identify

promising expressions. These techniques have shown successinuncov-
ering governing equations from data, for example, for dynamical
systems'®. However, they face critical issues in practical applications,
such as poor scalability, sensitivity to hyperparameter configurations,
and propensity of generating complex expressions that overfit data.
Anotable progressliesin theintroduction of sparse regression for
equation discovery, for example, the sparse identification of nonlinear
dynamics (SINDy) approach™. By formulating the discovery as asparse
linear regression problem over a predefined function library, such a
method achieves remarkable efficiency in identifying parsimonious
models. The family of SINDy approaches have shown remarkable suc-
cess in data-driven discovery of both ordinary and partial differential
equations ', Nevertheless, their effectiveness is contingent on careful
library designthat balances expressiveness with tractability. More funda-
mentally, the limitation to linear combinations of basis functionsinher-
ently restricts the complexity of discoverable relationships, particularly
when variable interactions are nonlinear and absent from the library.
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Deep learning architectures have recently emerged as pow-
erful alternatives to SR, for example, recurrent neural network
with risk-seeking policy gradients”, grammar-based variational
autoencoders®, neural network-based graph modularity’ and trans-
former models pre-trained on mathematical expressions?° %%, Note-
worthy, symbolic neural networks represent a particularly relevant
specialization, incorporating mathematical operators as activation
functions to enable end-to-end equation discovery®. A persistent
challenge across these neural approaches is their dependence on
empirical thresholding for expression simplification, which introduces
subjectivity and often fails to yield meaningful equations when the
dataare limited and noisy.

Very recently, Monte Carlo tree search (MCTS)***, which gained
acclaim for powering the decision-making algorithms in AlphaZero®,
has shown great potential in navigating the expansive search space
inherent in SR”. This method uses stochastic simulations to meticu-
lously evaluate the merit of each nodeinthe search tree and hasempow-
ered several SR techniques® ', However, the conventional application
of MCTS maps eachnode to aunique expression, whichtends toimpede
therapidrecovery of accurate symbolic representations. This narrow
mapping may limit the strategy’s ability to efficiently parse through the
complex space of potential expressions, thus presenting abottleneck
inthe quest for swiftly uncovering underlying mathematical equations.

SRinvolves evaluating alarge number of complex symbolic expres-
sions composed of various operators, variables and constants. The
operators and variables are discrete, while the value of the coeffi-
cientsis continuous. The NP-hardness of atypical SR process, noted by
many scholars'”**?, has been formally established®. This characteristic
requires the algorithm to traverse various possible combinations,
resulting in a huge and even infinite search space and thus facing the
problem of combinatorial explosion. Unfortunately, all the existing
SRmethods evaluate each candidate expressionindependently, lead-
ing to substantially low computational efficiency. Although some
studies have considered caching evaluated expressions to prevent
recomputation®, they do not reuse these results as subtree values
for evaluating deeper expressions. Consequently, the majority of
these methods either rely on meta-heuristic search strategies, narrow
downthesearch space based on specificassumptions, orincorporate
pre-trained models to discover relatively complex expressions, which
make the algorithms prone to producing specious results (for exam-
ple, local optima). Therefore, the efficiency of candidate expression
evaluation is of paramount importance. By enhancing the efficiency
of candidate expression evaluation, it becomes possible to design new
SRalgorithmsthatare less reliant on particular optimization methods,
while increasing the likelihood of directly finding the global optima
in the grand search space. Thus, we can improve the SR accuracy (in
particular, the symbolic recovery rate) and, meanwhile, drastically
reduce the computational time.

To this end, we propose parallel symbolic enumeration (PSE) to
automatically distill symbolic expressions from limited data. Such
amodel is capable of efficiently evaluating potential expressions,
thereby facilitating the exploration of hundreds of millions of can-
didate expressions simultaneously in parallel within a mere few sec-
onds. In particular, we propose a parallel symbolic regression network
(PSRN) as the cornerstone search engine, which (1) automatically
captures common subtrees of different math expression trees for
shared evaluation that avoids redundant computations, and (2) capi-
talizes onagraphics processing unit (GPU)-based parallel search that
resultsinanotable performanceboost. Itis notable that, inastandard
SR process for equation discovery, many candidate expressions share
common subtrees, which leads to repeatedly redundant evaluations
and, consequently, superfluous computation. To address this issue,
we propose a strategy to automatically reuse common subtrees for
shared evaluation, effectively circumventing redundant computation.
We further execute PSEona GPUto performalarge-scale evaluation of

candidate expressions in parallel, thereby augmenting the efficiency of
the evaluation process. Notably, the synergy of these two techniques
could yield up to four orders of magnitude efficiency improvement
in the context of expression evaluation. In addition, to expedite the
convergence and enhance the capacity of PSRN for exploration and
identification of more intricate expressions, we amalgamate it with a
token generator strategy (forexample, MCTS or GP) that identifies aset
of admissible base expressions as tokenized input. The effectiveness
and efficiency of the proposed PSE model have been demonstrated
onavariety of benchmark and Iab test datasets. The results show that
PSE surpasses multiple existing baseline methods, achieving higher
symbolic recovery rates and efficiency.

Results
We introduce a general-purpose SR method, called PSE, to discover
mathematical expressions from data. The core of this framework is
the PSRN module that can evaluate hundreds of millions of candidate
expressions in parallel by identifying and reusing common subtree
computations, dramatically accelerating the search process. To explore
complex expressions, PSRN is integrated into an iterative loop with
a token generator (for example, GP), which discovers admissible
sub-expressions as building blocks. The overall architecture and work-
flow of the PSE model areillustrated in Fig. 1. A detailed description of
the methodology, including the symbol layer design (Fig.2), token gen-
eration strategies and coefficient optimization, is provided in Methods.
To demonstrate the effectiveness and efficiency of the proposed
PSE model, we conduct a comprehensive evaluation across a diverse
range of challenging tasks. These include standard SR benchmarks, the
data-driven discovery of governing equations for chaotic dynamical
systems and the modeling of real-world physical phenomena from
experimental data. It is noteworthy that, unless specified otherwise
inthe ablation studies, all experiments presented hereafter utilize the
GP variant of our token generator to effectively explore the vast search
space. Forreal-world datasets such as the electro-mechanical position-
ing system and the turbulent friction experiments, we assess the plau-
sibility of discovered equations using the mean squared error (MSE)
and parsimony due to the absence of ground-truth expressions. For
other benchmark experiments, we employ the symbolicrecovery rate
as the key measure of accuracy. Although the generated expression,
further simplified by SymPy, is not guaranteed to be the best-fitting
solutionmatching the ground truth, especially for noisy datasets, this
metric remains widely adoptedin the SR community. It enables direct
and standardized comparisons with a substantial body of prior work
on established benchmark problem sets that contain ground-truth
expressions. The collective results presented as follows consistently
highlight the superiority of PSEin both symbolic recovery accuracy and
computational performance over existing baseline methods.

SR benchmarks

We first demonstrate the efficacy of PSE on recovering specified math-
ematical formulas given multiple benchmark problem sets (including
Nguyen®*, Nguyen-c*, R*®, Livermore®** and Feynman'®, as described in
Supplementary Note 2.1), commonly used to evaluate the performance
of SRalgorithms. Each SR puzzle consists of aground-truth equation,
aset of available math operators and a corresponding dataset. These
benchmark data sets contains various math expressions, for example,
x*+x2+x (Nguyen-1), 3.39x> + 2.12x* + 1.78x (Nguyen-1c), (x +1)*/
(*=x+1) (R-1), 1/3 + x +sin(x?) (Livermore-1), x} —x} + X2 — X,
(Livermore-5) and x.x,x; log (xs/x,) (Feynman-9), which are listed in
detailinSupplementary Tables1and 2. Our objective isto uncover the
Pareto front of optimal mathematical expressions that balance the
equation complexity and error. The performance of PSE is compared
with eight baseline methods, for example, symbolic physics learner
(SPL)?, neural-guided genetic programming (NGGP)*?, deep generative
symbolic regression (DGSR)??, PySR*, Bayesian machine scientist
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Fig.1| Overview of the proposed PSE model. a, Schematic of PSRN regressor for
discovering optimal expressions from data. The base expression set s4 from
terminal nodes, along with optionally sampled token constant values, is fed into
the PSRN (denoted as ¢psry) for forward computation. After evaluating the errors
of large-scale candidate expressions, ¥pspy provides the optimal (or top k)
expressions denoted as . Subsequently, the least squares method is employed
for the identification and fine-tuning of the coefficients, resulting in adjusted
expressions #*, which are then utilized for updating the Pareto front as
computing the complexity and reward. b, Forward computationin PSRN. The
base expression set and sampled constants, along with the corresponding data
tensor X, are fed into the network. The network comprises multiple symbol layers
(for example, typically three, but only two are shown for simplicity). Each layer
provides all possible subtree values resulting from one-operator computations
among allinput expressions. This process can be efficiently parallelized on a GPU
for rapid computation. Upon completion of PSRN’s forward computation, a
myriad of candidate expressions ¥ (for example, up to hundreds of millions)
corresponding to the base expression set s, along with their associated error
tensors onthe given data, are generated. Then, the expression with the minimal
error (or top-k expressions) will be selected. ¢, The token generator

(for example, MCTS, GP) creates promising subtrees from a token set s;.
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These subtrees are evaluated by the PSRN regressor & through large-scale
parallel expression evaluation. R fits the input data, producing areward rand
the best expressions #*, which are fed back to 7. This feedback loop drives
continuous improvement in generating promising subtrees. The process
combines the ability of mto explore the token space with the capacity of 2 to
assess expression quality based on data fit. This iterative system efficiently
discovers high-quality expressions by leveraging both heuristic searchand
large-scale parallel evaluation. The overall iterative PSE processis detailed in
Supplementary Algorithm 2, with specific token generators  described in
Supplementary Algorithms 3-5.d, Schematic of common subtree identification.
Expressions sharing common subtrees, for example, sin(x; + x,) and

exp(x; + X,), leverage identical subtree computation outcomes. Thisapproach
circumvents extensive redundant calculations, thereby increasing the efficiency
of SR. e, Schematic of duplicate removal mask (DR mask). We designed the DR
mask layer to mask the output tensor of the penultimate layer in PSRN, thereby
excluding subtree expressions that are symbolically equivalent. This greatly
reduces PSRN’s usage of GPU memory. f, Estimation and fine-tuning of constant
coefficients. The least squares method is used to fine-tune the coefficients of
preliminary expressions discovered by PSRN using the complete dataset.
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optimal expression. If necessary, the coefficients of this expression will be
adjusted in post-processing. The algorithmic procedure for PSRN evaluation and
symbolic reconstruction is presented in Supplementary Algorithm 1.
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problem set. f, Feynman problem set. We employ two evaluation metrics,
namely, symbolic recovery rate (left) and average runtime (right), to assess the
performance of each algorithm. Our PSE approach achieves the highest recovery
rate across various benchmark problem sets, meanwhile expending the minimal
computation time, compared with the baseline methods (for example, SPL%,
NGGP*, DGSR?, PySR*, BMS’, uDSR*¢, TPSR** and Operon™). This highlights

the substantial superiority of PSE. Note that the star marks the mean value over
each problem set. As BMS’ uses priors from Wikipedia, it performs reasonably
well on subsets of expressions like Feynman, but has very low recovery rates

for other expression subsets as it is not suited for finding artificially designed

b Nguyen-c Nguyen-c
100 0 s
S
< 80 =
2 o 6
© 60 =)
= 3 4 3,601
S 40 ® ofe
> £ o
8 £ 5 7487
g 20 = ]
29
o] o]
c
o
(7]
Q
o
100
S
< 80 =
2 o
® 60 o
= X
o 40 o
3 £
g 20 =
x 0 0
823352585 8285552555
(2] = n =
SPo0rBEg =PogrBEgy
o o
f Feynman
~ 1.0
®
[%2)
% < 0.8
> % 0.6
o Q@ 0.4
g £
8 = 02
[2'4
0

expressions without constants. The Feynman dataset shown here follows the
definitionin DGSR’s paper, which is a subset of SRBench’s Feynman problems
under data-limited conditions (fewer than 50 data points). For evaluation on
the complete SRBench dataset, see ‘SRBench evaluation and performance’. We
strictly maintain consistent runtime budgets. The variations in the algorithms’
runtime occur because different algorithms trigger their respective early
stopping conditions (for example, reaching an MSE below a very small threshold,
or discovering symbolically equivalent expressions, and so on). The central line
represents the median, the box spans the 25th to 75th percentiles, the whiskers
extend to the minimum and maximum values within 1.5 times the interquartile
range, and the star indicates the mean recovery rate for each problem set.

(BMS)’, a unified framework for deep symbolic regression (uDSR)*,
transformer-based planning for symbolic regression (TPSR)*® and
Operon®. For the Nguyen-c dataset, each model is run for at least 20
independent trials with different random seeds, while for all other
puzzles, 100 distinct random seeds are utilized. We mark the success-
ful case if the ground-truth equation lies in the discovered Pareto
front set.

The SRresults of different models, in terms of the symbolic recov-
ery rate and computational time, are depicted in Fig. 3. It can be seen
that the proposed PSE method outperforms the baseline methods for
all the benchmark problem sets in terms of recovery rate, meanwhile
maintaining the high efficiency (for example, expending the mini-
mal computation time) that achieves up to two orders of magnitude
speedup. The detailed results for each SR problem set are listed in
Supplementary Tables 10-15. Anintriguing finding is that PSE achieves
an impressive symbolic recovery rate of 100% on the R benchmark
expressions, while the baseline models almost fail (for example, recov-
ery rate <2%). We attribute this to the mathematical nature of the R
benchmark expressions, which are all rational fractions like (x +1)*/
(? - x+1) (R-1). Confined to the sampling interval x € [-1, 1], the prop-
erties of the R expressions bear a high resemblance to polynomial

functions, resulting in intractable local minima that essentially lead
to the failure of NGGP and DGSR. This issue can be alleviated given a
larger interval, for example, x € [-10, 10], as illustrated in the R* data-
set (Supplementary Table 12). Notably, the performance of DGSR
based on pre-trained language models stems from the prevalence of
polynomial expressions in the pre-training corpora, while NGGP col-
lapses onaccount of its limited search capacity in an enormously large
search space. In contrast, owingto the direct and parallel evaluation of
multi-million expression structures, PSE has the capability of accurately
and efficiently recovering complex expressions.

Discovery of chaotic dynamics

Nonlinear dynamicsis ubiquitousinnature and typically governed by a
set of differential equations. Distilling such governing equations from
limited observed data plays a crucial role inbetter understanding the
fundamental mechanism of dynamics. Here we test the proposed PSE
model to discover a series of multi-dimensional autonomous chaotic
dynamics (forexample, Lorenz attractor*® and its variants*). The syn-
thetic datasets of these chaotic dynamical systems are described in
Supplementary Note 2.2. It is noted that we only sample the noisy tra-
jectories while determining the velocity states viasmoothed numerical
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differentiation. We compare PSE with eight pivotal baseline models
(namely, BMS’, PySR¥, NGGP**, DGSR*, wAIC'¢, TPSR*’, uDSR*® and
Operon®) and run each model on 50 different random seeds to calcu-
late the average recovery rate for each dataset. For weighted Akaike
Information Criterion (WAIC), we employed two distinct basis function
configurations: one utilizing polynomial basis functions (wAIC1), and
another combining polynomial basis functions with the same unary
operator basis used by other algorithms (WAIC2). Considering the
noise effect, the criterion for successful equation recovery in this
experiment is defined as follows: the discovered Pareto front covers
the structure of the ground-truth equation (allowing for a constant
bias term). As the dynamics of each system is governed by multiple
coupled differential equations (for example, three or four asshownin
Supplementary Tables 3-6), the discovery is conducted independently
tocompute the average recovery rate for each equation,among which
the minimum rate is taken to represent each model’s capability.

Our main focus herein is to investigate whether SR methods can
successfully recover the underlying differential equations given a
specific set of token operators under the limit of a short period of
computational time (for example, afew minutes). Inour experiments,
we set the candidate binary operators as +, —, x and +, while the can-
didate unary operators include sin, cos, exp, log, tanh, cosh, abs and
sign. Figure 4a,b depicts the results of discovering the closed-form
governing equations for 16 chaotic dynamical systems. The experi-
ments demonstrate that under four different levels of Gaussian noise
(1%,2%,5% and10% of the data’s standard deviation), the proposed PSE
approach canachieve amuch higher symbolic recovery rate (Fig. 4b),
enabling to identify more accurately the underlying governing equa-
tions, evenunder noise effect, to better describe the chaotic behaviors
(Fig.4a). This substantiates the capability and efficiency of our method
ondata-driven discovery of governing laws for more complex chaotic
dynamical systems beyond the Lorenz attractor. More detailed results
arelisted in Supplementary Tables 16-19.

Electro-mechanical positioning system

Real-world data, replete with intricate noise and nonlinearity, may
hinder the efficacy of SR algorithms. To further validate the capability
of our PSEmodelinuncovering the governing equations for real-world
dynamical systems (for example, mechanical devices), we testits per-
formance on a set of lab experimental data of an electro-mechanical
positioning system (EMPS)**, as shown in Fig. 5a,b. The EMPS set-up is
astandard configuration of adrive system used for prismaticjointsin
robots or machine tools. Finding the governing equation of such a
systemis crucial for designing better controllers and optimizing system
parameters. The dataset was bifurcated into two even parts, serving
asthetraining and testingsets, respectively. The reference governing
equationis givenby Mg = —F,q — F.sign(qg) + T — c (ref. 42), where g,
¢ and g represent joint position, velocity and acceleration. Here, Tis
thejoint torque/force;c,M, F,and F.are all constant parametersinthe
equation. Notably, we leveraged the a priori knowledge that the govern-
ing equation of such a system follows the Newton’s second law, with a
generalform ¢ = f(q, q, 7). Our objectiveis to uncover the closed form
of fbased onapredefined set of token operators. In EMPS, there exists
friction that dissipates the system energy. On the basis of this prior
knowledge, weinclude the sign operator to model such amechanism.
Hence, the candidate math operators we use to test the SR algorithms
read {+, -, x, +, sin, cos, exp, log, cosh, tanh, abs, sign}.

We compare our PSE model with eight pivotal baseline models,
namely, PySR¥, NGGP**, DGSR?’, BMS’, uDSR*®, TPSR*°, wAIC'® and
Operon®. We execute each SR model 20 trials on the training dataset
toascertainthe Pareto fronts. Subsequently, we select the discovered
equation fromthe candidate expression set of each Pareto front based
on the test dataset that shows the highest reward value delineated in
equation (6). The reward is designed to balance the prediction error
and the complexity of the discovered equation, which is crucial to

deriving the governing equation thatis not only as consistent with the
data as possible but also parsimonious and interpretable. Finally, we
selectamong 20 trials the discovered equation withthe median reward
value to represent each SR model’s average performance. The results
demonstrate that our PSE model achieves the best performance insuc-
cessfully discovering the underlying governing equation (Fig. 5c-fand
SupplementaryFig.3). Our modelis capable of uncovering the correct
governing equation while maintaining low prediction error (Fig. 5g).

Governing equation of turbulent friction

Uncovering the intrinsic relationship between fluid dynamics and
frictional resistance has been an enduring pursuit in the field of fluid
mechanics, withimplications spanning engineering, physics and indus-
trial applications. In particular,one fundamental challengelies in finding
aunified formula to quantitatively connect the Reynolds number (Re),
therelative roughness r/D and the friction factor A, based on experimen-
tal data, where ris the absolute roughness and D is the pipe diameter.
The Reynolds number, a dimensionless quantity, captures the balance
between inertial and viscous forces within a flowing fluid, whichis a
key parameter in determining the flow regime, transitioning between
laminar and turbulent behaviors. The relative roughness, aratio between
the size of the irregularities and the radius of the pipe, characterizes
the interaction between the fluid and the surface it flows over. Such a
parameter hasasubstantialinfluence onthe flow’s energy loss and tran-
sition to turbulence. The frictional force, arising from the interaction
between the fluid and the surface, governs the dissipation of energy and
is crucial in determining the efficiency of fluid transport systems. The
groundbreaking work* dated in the1930s stepped out the first attempt
by meticulously cataloging in the lab the flow behavior under friction
effect. The experimental data, commonly referred to as the Nikuradse
dataset, offersinsightsinto the complexinterplay between these param-
eters (Reandr/D) and the resultant friction factor (A) in turbulent flows.
We hereintest the performance of the proposed PSE modelin uncovering
the underlyinglaw that governs the relationship between fluid dynamics
and frictional resistance based on the Nikuradse dataset.

We first transform the data by a data collapse approach**, acom-
mon practice used in previous studies*. Our objectiveis to find a par-
simonious closed-form equation given by A=h(x), where
A=2A"Y2 4 2log(r/D) denotes the transformed friction factor,
x = Re\A/32(D/r)is anintermediate variable, and Ais the target func-
tiontobe discovered. We consider seven baseline models for compari-
son, namely, PySR*’, NGGP*?>, DGSR??, uDSR*, TPSR*°, BMS’ and
Operon®. The candidate operators used in these models read
{+, X, —, +,sin, cos, exp, log, tanh, cosh, (12, 33}. We run each SR model
for20independent trials with different random seeds and choose the
identified expression with the median reward as the representative
result. For eachtrial, wereport the expression with the highest reward
(equation (6)) on the discovered Pareto front. Figure 5h illustrates
discovered governing equations for turbulent friction. The
equations discovered by each SR method and the corresponding pre-
diction error versus model complexity are shown in Fig. Sh-j. While
several methods achieve comparable MSE performance, our PSE model
stands out by producing the best balance between fitting accuracy and
expression simplicity (Fig. 5j). It is evident from the results that our
method not only matches or surpasses the fitting performance of other
approaches but also generates more concise symbolic expressions.

Scalability in high-dimensional space

To further assess the scalability of PSE and its capability for implicit
feature selection, we introduced a challenging high-dimensional syn-
thetic benchmark. This benchmark comprises 20 problems where the
ground-truth equations, eachinvolving 12 active variables, are embed-
dedin a50-dimensional input space, with the remaining 38 variables
actingas distractors. In this high-dimensional and noisy environment,
PSE showed remarkable robustness by successfully recovering 40% of
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Fig. 4 |Data-driven discovery of nonlinear chaotic dynamics by different
models including PSE, BMS, PySR, NGGP, DGSR, wAIC, uDSR, TPSR and
Operon. A large number of operators (for example, +, -, X, +, sin, cos, exp, cosh,
tanh, abs, sign and so on) are used to simulate the situation in which scientists
explore unknown systems in the real world with less prior knowledge about
operators. Given the same budget of computational time, PSE has a higher
probability of finding the true governing equations among a nearly infinite
number of possible expression structures. Each model’s runtime is capped at
around 10 minutes by limiting the number of iterations. a, Examples of predicted

trajectories (for example, solid lines) by different models compared with

the ground truth (for example, dashed lines). b, Average recovery rates of SR
algorithms on 16 nonlinear chaotic dynamics datasets. Each bar with the same
color represents the recovery rates under a typical case of 2% Gaussian noise.
More results under different noise levels (1%, 5% and 10% of the data’s standard
deviation) can be found in Extended Data Fig.1and Supplementary Tables 16-19.
The error bars represent the 95% confidence interval of the mean recovery rate
for each system. Theresultis averaged across 50 independent runs.

the true expressions. Instark contrast, leading baselines such as PySR
and Operon failed to identify any correct solutions (0% recovery rate)
within the same computational time budget. This result highlights PSE’s
distinct advantage in navigating vast search spaces while effectively
discerningrelevant variables, a critical capability for tackling complex
real-world problems. The detailed description of the methodology,
equations and full results can be found in Supplementary Note 7.

Model performance analysis

The performance of the proposed PSE model depends on several fac-
tors, including the noise level of the given data, model hyperparameters
and whether certain modules are used. Herein, we present an analysis of
these factors as well as the model efficiency and the memory footprint.

Model ablation study. We conducted three cases of model ablation
study to evaluate the role of certainmodules. First, we investigate how
much improvement the use of GP or MCTS as the token generator for
automatic discovery of admissible tokenized input brings. Second, we

conduct asensitivity analysis of the token constants range. Third, we
investigate the extent of the benefit of using DR mask. The results of
the ablation experiments are shown in Fig. 6a-c.

First, we evaluate the symbolic recovery ratesto compare different
token generation methods for PSRN, including random generation,
MCTS and GP. The tests are conducted on the entire Nguyen, Nguyen-c,
R, R* Livermore and Feynman problem sets. It can be observed in
Fig. 6athattherecovery rate andrelative speed diminishesif the token
generator is removed from PSE, indicating its vital role in admissible
token search that signals the way forward for expression exploration.
In addition, we observe that using GP as the token generator leads to
faster discovery of ground-truth expressions compared with MCTS,
despite their similar symbolic recovery rates. Second, toinvestigate the
sensitivity of our model to the randomly sampled token constants, we
settherangeto[-1,1],[-3, 3]and [-10, 10], respectively, and performed
the experiments on the Nguyen-cbenchmark expressions. The resultin
Fig. 6b shows that when the range of constant sampling is altered, it sub-
stantially affectsthe timerequired to find the ground-truth expression,
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Fig. 5| Discovering the underlying physical laws with experimental data. a,
The set-up of the EMPS experiment. b, Collected displacement and input force
data. ¢, The prediction performance along with a typical governing equation
discovered by PSE. Herein, RMSE stands for root mean square error.d, The
prediction performance along with a typical governing equation discovered by
PySR. e, The prediction performance along with a typical governing equation
discovered by BMS. f, The prediction performance along with a typical governing
equation discovered by wAIC. Additional results for other methods on the EMPS
experiment canbe found in Supplementary Fig. 3. g, The prediction error versus
model complexity for different SR methods on the EMPS dataset, averaged over
20 independent runs. The circle size indicates MSE uncertainty (interquartile

range). h, The transformed (or collapsed) Nikuradse’s dataset and discovered
equations of turbulent friction by different SR methods. The legend shows

the median reward models (equation (6)), among 20 trials, obtained by PSE
(red), PySR (green)”, NGGP (blue)*, DGSR (sky blue)?, uDSR (orange)**, TPSR
(brown)*°, BMS (purple)’ and Operon (pink)®. i, The fitting performance of each
SR method on the original Nikuradse’s data.j, The predicted MSE versus model
complexity for different SR methods, averaged over 20 independent runs. The
circle size indicates MSE uncertainty (interquartile range). Notably, our PSE
method excels at fitting turbulent friction data rapidly (for example, within
only 1.5 minutes), meanwhile discovering a more parsimonious and accurate
equation.

but haslittle impact on the symbolic recovery rate. Last but not least,
we test the efficacy of the DR mask for memory saving. The result in
Fig. 6cillustrates that the DR mask is able to save the graphic memory
up to 50%, thusimproving the capacity of the operator set (for example,
more operators could beincluded torepresent complex expressions).

SRBench evaluation and performance. We further tested the per-
formance of our model on the SRBench problem sets*, evaluating 133

mathematical expressions ondatasets with four levels of Gaussian-type
noise (thatis, 0,0.1%,1% and 10% of the data’s standard deviation). The
results of symbolicrecovery rate, model complexity and computational
efficiency for our PSEmodelin comparison with other 17 baseline mod-
elsaredepictedinFig. 6d-f.It can be seen that our method outperforms
allthese existing algorithms in terms of symbolic recovery rate across
allnoise conditions, while maintaining competitive performance inthe
context of model complexity and computational efficiency. Note that
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Fig. 6| Ablation study of the proposed PSE method. a, Comparison of token
generators: random, MCTS and GP. b, Ablation of token constants range. c,
Ablation of DR mask on two different PSE configurations: (c.1), a4-input, 3-layer
PSRN with Oy, library (for example, {+, x, -, +, identity, sin, cos, exp, log}); and
(c.2),a5-input, 3-layer PSRN with Osemikoza library (for example, {+, x, SemiSub,
SemiDiv, identity, neg, inv, sin, cos, exp, log}). d-f, SRBench*® results with GP as
the token generator. Our method achieves the highest symbolic recovery rate (d)
across all noise levels (thatis, 0, 0.1%,1% and 10% of the data’s standard deviation)
while maintaining competitive performance in model complexity (e) and
training time (f). g, Expression search efficiency of the PSRN module. h, Space
complexity of PSRN with three symbol layers, with respect to the number of input
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slots and memory footprints. We incorporate four operator sets: Okoza, Osemikozar
O arithmetic (for example, {+, x, -, +, identity}) and Og,sickoza (fOr example, {+, %,
identity, neg, inv, sin, cos, exp, log}) for comparison. With the expansion of the
memory footprint, our model demonstrates scalability by evaluating a greater
number of candidate expressions in a single forward pass, leading to enhanced
performance. We strictly maintain consistent runtime budgets. The variations in
the algorithms’ runtime occur because different algorithms trigger their
respective early stopping conditions (for example, reaching an MSE below a very
small threshold, or discovering symbolically equivalent expressions, and so on).
The error bars represent the 95% confidence interval of the metrics. The results
are averaged across 20 independent runs for each SR problem.

theresultswere validated using 10 different random seeds following the
standard evaluation protocolinref. 46, with 95% confidence intervals
calculated, whichdemonstrated PSE’s robustness to handle real-world
noise interference while producing concise expressions with relatively
shorttrainingtimerequired. These findings underscore the effective-
ness of our PSE method.

Expression search efficiency. We compare the efficiency of PSE in
the context of evaluation of large-scale candidate expressions, in com-
parison with two brute-force methods (for example, NumPy*’, which
performs central processing unit-based evaluation serially, and CuPy**,
which operates on GPUs in parallel based on batches). Note that PSE
has the capability of automatic identification and evaluation of com-
mon subtrees, while NumPy and CuPy do not have such a function.
Assumingindependentinput variables {x;, ..., xs} with operators {+, x,
identity, neg, inv, sin, cos, exp, log} foramaximum tree depth of 3, the
complete set of generated expressions is denoted by #. We consider
the computational time required to evaluate the loss values of all the
expressions, for example, ||y — f(X)||3 where f € # denotes one of the
candidate expressions, under different sample sizes (for example,
10'-10*data points), with Xbeing the input data matrix and y the target
data.

Theresultshows that PSE can quickly evaluate all the correspond-
ing expressions, clearly surpassing the brute-force methods (Fig. 6g).
When the number of samples is less than 10*, the search speed of PSE
is about 4 orders of magnitude faster, exhibiting an unprecedented
increase in efficiency, owing to the reuse of common subtree evalu-
ation in parallel. Notably, when the number of samples is big, down-
sampling of the data is suggested in the process of uncovering the

equation structure to take the speed advantage of PSE during for-
ward propagation. In the coefficient estimation stage, all samples
should be used. This could further increase the efficiency of PSE while
maintaining accuracy.

Space complexity. We categorize the operators used in PSE into three
types: unary, binary-squared and binary-triangled, which are repre-
sented by u, bs, and by, respectively. Binary-squared operators represent
non-commutative operators (for example, —and +) depending on the
order of operands, whichrequires wf_l space onthe GPU during PSRN
forward propagation (here, w,_, represents the input size of the previous
symbol layer). Binary-triangled operators represent commutative
operators (for example, + and x) or the memory-saving version of
non-commutative operators that only take up w,;(w,; + 1)/2 space (for
example, the SemiSub and SemiDiv symbols, described in ‘Symbol
layer’ in Methods, in the Feynman benchmark that are specifically
designed to save memory and support operations in only one
direction).

With the number of operatorsineach category denoted by N, Ny,
and N, and the number of independent variables and layers of PSE
denoted by mand/, respectively, the number of floating-point values
required to be stored in PSE can be analyzed. Ignoring the impact of
the DR mask, there is a recursive relationship between the tensor
dimension of the (i — 1)th layer (for example, w,;) and that of the ith
layer (for example, w;), namely

w1 +1
= 2 i—1 2
w; = N,w;_1 + N,,Sa)[._l + NbTwi 1——— < Kwi—l’
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where k = N, + Ny, + Ny . Thus the complexity of the number of
floating-point values required to be stored by an [-layer PSRN can be
calculated as O(Kzl‘lwé')where w,representsthe number of input slots.

Clearly, the memory consumption of PSRN increases dramatically
with the number of layers. If each subtree value is a single-precision
floating-point number (for example, 32-bit), with the input dimen-
sion of 20 and operator set {+, —, x, +, identity, sin, cos, exp, log}, the
required memory will reach over 10° GB when the number of layers is
3, which requires a large compute set. Hence, finding a new strategy
to relax the space complexity and alleviate the memory requirement
isneeded to further scale up the proposed model. Figure 6hillustrates
the graphic-memory footprint of various three-layered PSRN architec-
tures, each characterized by adifferent operator set and the number of
input slots. While the rise in memory demands serves as a constraint,
this escalationis directly tied to the scalable model’s ability to evaluate
agreater number of candidate expressions within a single forward pass.
This result also shows that PSRN follows the scaling law (for example,
the model capacity and size scale with the number of token inputs,
given the fixed number of layers). The detailed hardware settings are
found in Supplementary Note 2.5.

Discussion

The development of PSE represents afundamentally different scheme
in the search for symbolic models. By shifting the paradigm from
independent, sequential evaluation of candidate expressions to a
parallelized, shared-computation framework, PSE directly addresses
along-standing efficiency-accuracy bottleneck in SR. This distinc-
tionis particularly evident when compared with explicit enumeration
methods such as exhaustive SR*’, which, while complete, face asevere
computational barrier by constructing and evaluating every possible
expression—a process that is both time-consuming and practically
limited to simple, often single-variable, problems (Supplementary
Note 9). In contrast, the ability of PSE to recognize and exploit com-
mon subtrees enables alarge-scale parallel enumeration that opens a
path toward solving more complex and higher-dimensional discovery
problems. When coupled with a token generator (for example, GP or
MCTS), the model’s ability to delve into intricate expressions is fur-
ther magnified, showing potential to accelerate data-driven discovery
across scientific domains.

Despite its performance, the PSE model faces several challenges
thatneed tobe addressed in the future. One of the primary challenges
istherapidlyincreasing demand for memoryinthe PSRN module asthe
number of symbollayersincreases (see ‘Space complexity’ above). Cur-
rently, abrute-forceimplementation of PSRN can only directly handle
expressions with an expression tree depth of <3 under conventional
settings. Otherwise, the method relies on the token generator (for
example, GP or MCTS) to extend the PSRN’s capacity by providing more
complex sub-expressions as tokenized inputs. Thisbottleneckimpedes
the PSE’s exploration of much deeper expressions, especially for prob-
lems requiring extremely deep, monolithic expressions that cannot be
easily decomposed into smaller tokens. As detailed in our failure analy-
sis (Supplementary Note 8), this is because the token generator itself
may struggle to constructa highly complex sub-expressionas asingle,
coherentunit, leading the searchto become trapped in local optima of
simpler, ‘good enough’ solutions, as the marginal accuracy gain from
thetrue, highly complex structure may not provide a sufficient reward
signal tojustify the difficult evolutionary leap. Inaddition, our current
two-stage approach to handling constants—sampling token constants
and then refining them via least squares—is effective but not without
limitations. If the true coefficients lie far outside the initial sampling
range, the least squares refinement may fail to find the global optimum.

Furthermore, like all data-driven methods, the performance of
the PSE is inherently linked to the quality and nature of the data. For
instance, its performance degrades under high noise levels, converging
to simpler, over-regularized expressions that model the noise rather

thantheunderlying signal. Thisis related to the PSRN’s strong affinity
for fractional forms; while thisis anotable advantage on certain bench-
marks, under high noise it could lead to overfitting by modeling noise
asacomplexrational function (Supplementary Note 8). Similarly, the
model may struggle with deceptive fitness landscapes, where asimple,
incorrect expression has asimilar MSE to the true, more complex one
over the given data domain. In such cases, the algorithm’s success
hinges onthe data beingsufficiently informative to distinguish the true
model from plausible alternatives. In terms of practical constraints,
while the method can operate on various computing platformes, its
full acceleration is best realized on hardware that supports massive
parallelism, although the subtree reusing benefit remains hardware
independent. Like most SR methods, the PSE is also constrained by
its predefined, discrete operator set and cannot discover novel math-
ematical forms without being explicitly extended.

Looking ahead, there are several promising avenues for further
optimization and enhancement. For instance, ensemble SR, namely,
uDSR*, integrates a wide array of techniques including large-scale
pre-training, deep SR, sparse regression” and AIFeynman”, and has
shownimproved SR performance. This suggests substantial potential
for enhancing our approach by synthesizing PSE with other SR tech-
niques. Similarly, integrating explicit feature selection methods as a
pre-processing step could further focus the search on the most rel-
evantvariables, representing another promising avenue for enhancing
scalability on extremely large-scale problems. The PSRN framework
itself also offers opportunities for efficiency improvements, such as
adopting more advanced computational backends that show superior
performance in speed and memory utilization. This includes devel-
oping more sophisticated token generation strategies, as suggested
by our failure analysis (Supplementary Note 8), such as incorporat-
ing domain-specific structural priors or employing multi-objective
rewards that explicitly value structural novelty. Finally, ongoing work is
exploring theintegration of prior knowledge, such as the dimensional
constraints of physical quantities, to guide the search. This approach
promises not only to conserve computational resources but also to
expeditethe discovery process. We intend to continue addressing these
challenges methodically in our forthcoming research.

Methods

The NP-hardness of SR, noted in existing studies"'>*, was formally
proven recently®. This implies the absence of a known solution that
canbedeterminedin polynomial time for solving SR problems across
allinstances, and reflects that the search space for SR is vast and intri-
cate. Almostall the existing SRmethods involve acommon procedure,
which is to assess the quality of candidate expressions # = {f,,f,, ...}
based on the given data D = (X,y), where X € R™™and y € R"<.. Here,
£ is usually constructed by a given operator set o (for example, {+, x,
-,+,sin, cos, exp, log}). Typically, this evaluationis guided by the MSE
expressed as:

MSE = 1| ) — 113 o

During the search process, a large number of candidate expres-
sions need to be evaluated, while the available operators and vari-
ables are limited, leading to the inevitable existence of vast repeated
sub-expressions. Existing methods evaluate candidate expressions
sequentially and independently. As a result, the common interme-
diate expressions are repeatedly calculated, leading to consider-
able computational burden (Supplementary Fig. 1). By reducing
the amount of repeated computation, the search process can be
substantially accelerated.

To address these challenges and enhance both the efficiency and
accuracy of SR, we propose a PSE model, asshownin Fig. 1, to automati-
cally discover mathematical expressions from limited data. The core
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of PSE is a PSRN regressor, depicted in Fig. 1b,c, designed to enhance
the efficiency of candidate expression evaluation. The architecture
of PSRN is inherently parallelism-friendly, enabling rapid GPU-based
parallel computation (Fig. 1c). A key innovation of PSRN is its ability
to automatically identify and reuse the intermediate calculations of
common subtrees (Fig. 1d), thus avoiding redundant computations.

To further bolster the model’s discovery capability for more com-
plex expressions, we integrate a token generator (for example, MCTS
or GP) thatidentifies a set of admissible base expressions as tokenized
input to the PSRN (Fig. 1a). The PSE model operates iteratively: PSRN
continually activates the token generator, starting with a base expres-
sion set that includes available independent variables. During these
iterations, this set of base expressions is updated by progressively incor-
porating more complex expressions generated by the token generator.
These base expressions, along with sampled token constants, are fed
into PSRN for evaluation and the search of optimal symbolic expressions
(Fig.1b). The PSRN can rapidly (for example, within seconds) evaluate
hundreds of millions of candidate symbolic expressions, identifying
the onewith the smallesterror or afew best candidates. Thisrepresents
a substantial speed improvement compared with approaches that
evaluate each candidate expression independently. Essentially, PSRN
performs a large-scale and PSE of expression trees with scalability. In
addition, a duplicate removal mask (DR mask) is designed for PSRN to
reduce memory usage (Fig. 1e). Within the PSRN regressor, the coeffi-
cients of the most promising expressions are identified and fine-tuned
using least squares estimation (Fig. 1f). Rewards computed on the given
dataarethenback-propagated for subsequent token generator updates.
Asthe search progresses, the Pareto front representing the optimal set
of expressions is continuously updated to report the final result.

Symbol layer

A mathematical expression can be equivalently represented as an
expression tree®, where the internal nodes denote mathematical opera-
tors and the leaf nodes the variables and constants. The crux of the
aforementioned computationalissue liesin the absence of temporary
storage for subtree values and parallel evaluation. Consequently, the
common subtrees in different candidate expressions are repeatedly
evaluated, resulting in considerable computational wastage.

To this end, we introduce the concept of symbol layer (Fig. 1c),
which consists of a series of mathematical operators. The symbol layer
serves to transform the computation results of shallow expression
trees into deeper ones. From the perspective of avoiding redundant
computations, the results of the symbol layer are reused by expres-
sion trees with greater heights. From the view of parallel computa-
tion, the symbol layer can leverage the power of GPU to compute the
results of common subtrees in parallel, improving the overall speed
(Supplementary Fig.1). We categorize the mathematical operatorsin
the symbol layer into three types: (1) unary operators (for example,
sin and exp); (2) binary-squared operators (for example, — and +),
representing non-commutative operators; and (3) binary-triangled
operators, representing commutative operators (for example, + and
x) or a variant of non-commutative operators with low-memory foot-
print (for example, SemiSub and SemiDiv that output x; - x;and x; + x;
for i <j, respectively). Note that the binary-triangled operators only
take up half of the space compared with the binary-squared operators.
We denote these three types of operator as u, bs and by, respectively.
Mathematically, a symbol layer located at the /th level can be repre-
sented as follows:

Ny Nog Ny
0 = (I =) (b () 1 (T b 060). @

where

u(h) = |ju(hy), bs(h) = || bs(h;, h ), br(h) = || br(hy, h ). 3
i ij i<j

Here, || represents the concatenation operation; N,, N, and N, denote
the numbers of unary operators, binary-squared operators and
binary-triangled operators.

For example, let us consider independent variables {x;, x,} and
dependentvariable z, with the task of finding an expression that satis-
fies z = f(x,, x,). When the independent variables {x;, x,} are fed into a
symbol layer, we obtain the combinatorial results (for example,
X1, X2, SiN(xy), SiN(X2), ..., X7 + X1, X1 + X2, X2 + X3, ...). Notably, each valuein
the output tensor of the symbol layer corresponds to a distinct
sub-expression. This enables PSE to compute the common subtree
values just once, avoiding redundant calculations. In addition, the
symbol layer can be leveraged on the GPU for parallel computation,
further enhancing the speed of expression searches.

Whenestablishing asymbollayerinitially, aninherent offset tensor
Oisinferred and stored within the layer for subsequent lazy symbolic
deducing during the backward pass (Fig. 2). For the /th symbol layer,
its offset tensor can be represented as follows:

Ny Nig Np;
o0 = (‘n eu) I (An 6b5> I (An ebT), @)
i=1 i=1 i=1

where
1w
6, = , (5a)
28 2Xw
o[l w
6p, = |l [ ] (5b)
Ul WA 2Xw?
o[l w—j+1
Oy, = |l [ : . (5¢)
=N 2 D)

2

Here, w denotes the output dimension (the number of symbolic expres-
siontrees) of the previous layer.

Each position in the output tensor h® of the symbol layer cor-
responds to a unique column in the offset tensor @®. In other words,
it corresponds to two child indices (for unary operators, only one),
representing the left and right child nodes of the current output ten-
sor position fromthe previous layer. These offset tensors are used for
recursive backward symbol deduction after the position of aminimum
MSE valueis found.

Parallel SR network

By stacking multiple symbol layers, we construct a PSRN, denoted as
Yesry (Fig. 1c). PSRN takes a set of N, input base expressions
s ={s1,5,, ..., S, } (Which canbe raw variables, constants, or more com-
plex tokens generated as described in ‘PSRN regressor with token
generator’) and their corresponding data tensor X. It then performs a
rapid, parallel forward computation on the GPU. Based on the prede-
fined operator set 6, PSRN efficiently evaluates a vast number of dis-
tinct candidate expressions by systematically combining its inputs
throughitslayers. Forinstance, with/symbollayers, PSRN can generate
and evaluate all expressions representable as expression trees of depth
up to/usingthe provided base expressions sasleaf nodes. A key advan-
tageisthat PSRN computes the values of common subtrees only once,
avoiding redundant calculations and substantially speeding up the
evaluation of potentially hundreds of millions of expressions.

Once the final layer’s computations are complete, PSRN outputs
the values F(X) = {;(X),5(X), ...} for all generated candidate expressions.
These are then used to compute the MSE (equation (1)) against the
target datay, allowing the identification of the expression(s) with the
minimum error. The pre-generated offset tensors @ within each symbol
layer are then used torecursively reconstruct the symbolic form of the
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optimal candidate expression(s) (Fig.2). The detailed steps for PSRN’s
evaluation and symbolic derivation are provided in Supplementary
Algorithm1.

The choice of operator set and the number of input slots for PSRN
can be adapted based on the problem complexity and available GPU
memory. Inthe SRbenchmark tasks, we employ a5-input PSRN with the
operator set O, = {+, X, —, +, identity, sin, cos, exp, log}, except for the
Feynman expression set which uses a 6-input PSRN with the operator
Set Osemikoza = 1+, X, SemiSub, SemiDiv, identity, neg, inv, sin, cos, exp, log}.
Such asetting aims to conserve GPU memory for handling more input
variables. The distinguishing feature of the Gs.mik.za OpPerator setis that
it treats division and subtraction as binary-triangled operators and
allowsonly onedirection of operation (see ‘Symbollayer’). This trade-off
reduces expressive power but conserves GPU memory, which enables
totacklelarger scale SR tasks. To discover more deeply nested or com-
plex expressions, PSRN is integrated with a token generator, as
described next.

PSRN regressor with token generator

While PSRN can evaluate expressions up to adepth of [ (number of sym-
bollayers) fromits directinputsinasingle pass, discovering more com-
plex real-world equations often requires exploring deeper expression
trees. Toextend PSRN’sreach and enable the discovery of suchintricate
symbolicexpressions, weintegrate the PSRNintoalarger iterative frame-
work driven by a token generator, r. This system operates through a
synergistic loop. In eachiteration, the token generator first proposes a
new set of promising base expressions (tokens), denoted as s;. Subse-
quently, the PSRN regressor % takes s; as input and performs a rapid,
large-scale parallelenumeration to evaluate millions of candidate expres-
sions, identifying the top-k expressions, {f,, ... £}, that best fit the data.
Areward signal is then computed based on the performance (for exam-
ple, accuracy and complexity) of these discovered expressions. Finally,
thisreward is fed back to the token generator i, guiding its strategy for
generatingevenbetter tokensin the subsequentiteration. Thisiterative
process allows PSE to progressively build and refine complex
equationsthat wouldbe unreachable by asingle pass of PSRN alone. The
overall PSE procedure is detailed in Supplementary Algorithm 2.

Token generation strategies. The token generator, m, is a modular
component responsible for exploring the vast space of possible
sub-expressions. Itisinitialized with a base set of operators 6 and vari-
ables v.Ineachiteration, it produces a token set, s;, which caninclude
raw variables, numerical constants and composite expressions (for
example, {x;, X, X% + X5, $ 1.3,2.9}) built from previously successful

tokens. Inthis work, we explore several strategies for 7. One approach
is GP, which maintains and evolves a population of expression trees
using operations like crossover and mutation to generate new tokens.
The GP-based token generation approachisoutlined in Supplementary
Algorithm 3. Another method is MCTS, which builds asearch tree over
the expression space and uses simulation-based feedback to explore
promising branches. Our MCTS token generator is detailed in Sup-
plementary Algorithm 4. We also use arandom generation strategy as
a baseline, which simply combines operators and existing tokens at
random. The random token generation strategy is presented in Sup-
plementary Algorithm 5. A detailed comparison of these strategies is
presented in our ablation study (‘Model ablation study’). As the
GP-based generator was found to be the most effective, itis used as the
default configuration in our primary experiments.

Reward calculation and Pareto front. To guide the search, each can-
didate expression f is assigned a reward r that balances its accuracy
and complexity:

r= 1 ©)

where nis a discount factor (default 0.99) penalizing complexity, and
aistheexpression’scomplexity. The set of non-dominated solutions—
expressions for which no other expression is better in both accuracy
and simplicity—is maintained on a Pareto front. This front is updated
ineachiterationandrepresents the final output of the algorithm. The
maximum reward achieved is used as the feedback signal for the token
generator 1.

Coefficients tuning
Many physical laws and mathematical expressions involve numerical
coefficients. PSE incorporates a two-stage approach to handle these
constants effectively.

Initial constant representation in PSRN. PSRN can incorporate
numerical constants during its expression generation phase. As shown
in Figs. 1a-b and 2, a predefined number of PSRN input slots can be
reserved for token constants. In eachiteration, before PSRN’s forward
propagation, constant values care sampled from a pre-selected distri-
bution p (forexample, c - U(-1, 1), c - U(-3, 3), where ~ denotes sampled
from a distribution) and fed into these constant slots. PSRN can then
use these explicit numerical values directly or combine them with
operators (for example, 1.3 + 2.9, exp(1.3), 1.3/sin(2.9)) to form more
diverse embedded constants within the candidate expressions % it
generates. This allows PSRN to explore structures that inherently
include numerical values.

Post-PSRN coefficients refinement. After PSRN identifies a set of
promising candidate symbolic structures # = {f;, ... .fi} (Which may
contain the initially sampled or derived constants), a more precise
coefficient optimization is performed (step 4 in Fig. 2). For each
selected raw expression £, we parse it to identify all numerical coef-
ficient positions. These coefficients are then treated as free parameters
and are collectively optimized using a standard least squares (LS)
method against the entire training dataset (X, y):

fi =18(fuXy). i=1....k @)

This LS step fine-tunes the initial constant values found or incorporated
by PSRN, leading to the final optimized expressions #* = {flk, fkk}.
Thisensures that the numerical values inthe discovered equations are
optimally fitted to the data, given the symbolic structure. While we
employ the LS method, this refinement step can be generalized to the
maximum likelihood estimation for more complex noise models or
maximum a posteriori optimization to incorporate regularization.
During the warm-up phase of PSE, asimple linear regression step using
theindependent variablesis also performed to expedite the discovery
of simpler expressions that might involve basic coefficient fitting.

DR mask

One major limitation of standard PSRN lies in its high demand for
graphics memory. When using binary operators such as addition and
multiplication, the graphics memory required for each layer grows
quadratically with respect to the tensor dimensions of the previous
layer. Therefore, reducing the output dimension of the penultimate
layer can reduce the required graphics memory. We propose a tech-
nique called duplicate removal mask (DR Mask) as shown in Fig. le.
Before the last PSRN layer, we use the DR mask to remove repeated
terms and generate a dense input set. Specifically, assuming theinput
variables x;, x,, ..., X,, are independent, we extract the output expres-
sions from the last second layer, parse them using the symbolic com-
puting library SymPy, and remove duplicate expressions to obtain
amask of unique expressions. SymPy’s efficient hash value compu-
tation facilitates the comparison of mathematical expressions for
symbolic equivalence. Typically, this process takes less than aminute.
Once the DR mask is identified, it is reusable for PSRNs with the same
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architecture (for example, total number of network layers and opera-
tor sets). During the search process, the expressions marked by the
mask are extracted from the penultimate layer’s output tensor and
then passed to the final layer for the most graphics-intensive binary
operator computations. The percentage of graphics memory saved by
the DR mask technique depends on the input size, the number of layers
and the operators used in the PSRN architecture. Detailed results are
shownin‘Model ablation study’.

Baseline models

We consider nine main baseline SR algorithms used in the compari-
son analysis: DGSR??, NGGP*?, PySR*, BMS’, SPL¥, wAIC'®, uDSR,
TPSR*° and Operon®. In addition, we compare with exhaustive SR*
on single-variable problems only, as it does not support multivari-
ate regression. They represent a selection of SR algorithms, ranging
from recent advancements to established, powerful methods. The
introduction and detailed settings of the baseline models are found
inSupplementary Note 2.3.

Data availability

All the datasets used to test the methods in this study are available at
https://github.com/intell-sci-comput/PSE (also see the Zenodo reposi-
tory at https://doi.org/10.5281/zenodo0.17266354 (ref. 50)). Details of
our complete data generation methodology are presented in Supple-
mentary Note 2. Source data are provided with this paper.

Code availability

All the source codes used to reproduce the results in this study are
available underanMIT license at https://github.com/intell-sci-comput/
PSE (also see the Zenodo repository at https://doi.org/10.5281/
zeno0do.17266354 (ref. 50)).

References

1. Schmidt, M. & Lipson, H. Distilling free-form natural laws from
experimental data. Science 324, 81-85 (2009).

2.  Wadekar, D. et al. Augmenting astrophysical scaling relations with
machine learning: application to reducing the Sunyaev-Zeldovich
flux-mass scatter. Proc. Natl Acad. Sci. USA 120, 2202074120
(2023).

3. Li, Y.etal. Electron transfer rules of minerals under pressure
informed by machine learning. Nat. Commun. 14,1815
(2023).

4. Hafner, D., Gemmrich, J. & Jochum, M. Machine-guided discovery
of a real-world rogue wave model. Proc. Natl Acad. Sci. USA 120,
2306275120 (2023).

5. Chong, Y. et al. Machine learning of spectra-property relationship
for imperfect and small chemistry data. Proc. Natl Acad. Sci. USA
120, 2220789120 (2023).

6. Jung, H. et al. Machine-guided path sampling to discover
mechanisms of molecular self-organization. Nat. Comput. Sci. 3,
334-345 (2023).

7. Hosmer, D. W. Jr, Lemeshow, S. & Sturdivant, R. X. Applied Logistic
Regression Vol. 398 (John Wiley & Sons, 2013).

8. Forrest, S. Genetic algorithms: principles of natural selection
applied to computation. Science 261, 872-878 (1993).

9. Guimera, R. et al. A Bayesian machine scientist to aid in the
solution of challenging scientific problems. Sci. Adv. 6, eaav6971
(2020).

10. Ly, D. L. &Lipson, H. Learning symbolic representations
of hybrid dynamical systems. J. Mach. Learn. Res. 13, 3585-3618
(2012).

11.  Brunton, S. L., Proctor, J. L. & Kutz, J. N. Discovering governing
equations from data by sparse identification of nonlinear
dynamical systems. Proc. Natl Acad. Sci. USA 113, 3932-3937
(2016).

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

Rudy, S. H., Brunton, S. L., Proctor, J. L. & Kutz, J. N. Data-driven
discovery of partial differential equations. Sci. Adv. 3, €1602614
(2017).

Chen, Z., Liu, Y. & Sun, H. Physics-informed learning of governing
equations from scarce data. Nat. Commun. 12, 6136 (2021).

Sun, F., Liu, Y. & Sun, H. Physics-informed spline learning for
nonlinear dynamics discovery. In Proc. 13th International Joint
Conference on Atrtificial Intelligence (ed. Zhou, Z.-H.) 2454-2461
(IJCAI Organization, 2021).

Rao, C. et al. Encoding physics to learn reaction-diffusion
processes. Nat. Mach. Intell. 5, 765-779 (2023).

Gao, T.-T. & Yan, G. Autonomous inference of complex network
dynamics from incomplete and noisy data. Nat. Comput. Sci. 2,
160-168 (2022).

Petersen, B. K. et al. Deep symbolic regression: recovering
mathematical expressions from data via risk-seeking policy
gradients. In The 9th International Conference on Learning
Representations (2021).

Kusner, M. J., Paige, B. & Hernandez-Lobato, J. M. Grammar
variational autoencoder. In Proc. 34th International Conference
on Machine Learning (ed. Precup, D.) 1945-1954 (Proceedings of
Machine Learning Research, 2017).

Udrescu, S.-M. & Tegmark, M. Al Feynman: a physics-inspired
method for symbolic regression. Sci. Adv. 6, eaay2631

(2020).

Biggio, L., Bendinelli, T., Neitz, A., Lucchi, A. & Parascandolo, G.
Neural symbolic regression that scales. In Proc. 38th International
Conference on Machine Learning Vol. 139 (eds Meila, M. &
Zhang, T.) 936-945 (Proceedings of Machine Learning Research,
2021).

Kamienny, P.-A., d’Ascoli, S., Lample, G. & Charton, F. End-to-end
symbolic regression with transformers. Adv. Neural Inf. Process.
Syst. 35, 10269-10281(2022).

Holt, S., Qian, Z. & van der Schaar, M. Deep generative symbolic
regression. In The 11th International Conference on Learning
Representations (2023).

Sahoo, S., Lampert, C. & Martius, G. Learning equations for
extrapolation and control. In Proc. 35th International Conference
on Machine Learning (eds Dy, J. & Krause, A.) 4442-4450
(Proceedings of Machine Learning Research, 2018).

Coulom, R. Efficient selectivity and backup operators in
Monte-Carlo tree search. In International Conference on
Computers and Games (eds van den Herik, H. J. et al.) 72-83
(Springer, 2006).

Kocsis, L. & Szepesvari, C. Bandit based Monte-Carlo planning.
In European Conference on Machine Learning (eds Firnkranz, J.
et al.) 282-293 (Springer, 2006).

Silver, D. et al. A general reinforcement learning algorithm that
masters chess, shogi, and go through self-play. Science 362,
1140-1144 (2018).

Sun, F., Liu, Y., Wang, J.-X. & Sun, H. Symbolic physics learner:
discovering governing equations via Monte Carlo tree search.

In The 11th International Conference on Learning Representations
(2023).

Kamienny, P.-A., Lample, G., Lamprier, S. & Virgolin, M. Deep
generative symbolic regression with Monte-Carlo-tree-search.
In Proc. 40th International Conference on Machine Learning (eds
Brunskill, E. & Cho, K.) 15655-15668 (Proceedings of Machine
Learning Research, 2023).

Xu, Y., Liu, Y. & Sun, H. Reinforcement symbolic regression
machine. In The 12th International Conference on Learning
Representations (2024).

Shojaee, P., Meidani, K., Farimani, A. B. & Reddy, C.
Transformer-based planning for symbolic regression. Adv. Neural
Inf. Process. Syst. 36, 45907-45919 (2023).

Nature Computational Science


http://www.nature.com/natcomputsci
https://github.com/intell-sci-comput/PSE
https://doi.org/10.5281/zenodo.17266354
https://github.com/intell-sci-comput/PSE
https://github.com/intell-sci-comput/PSE
https://doi.org/10.5281/zenodo.17266354
https://doi.org/10.5281/zenodo.17266354

Article

https://doi.org/10.1038/s43588-025-00904-8

31. Li, Y. et al. Discovering mathematical formulas from data via
gpt-guided monte carlo tree search. Expert Syst. Appl. 281, 127591
(2025).

32. Mundhenk, T. et al. Symbolic regression via deep reinforcement
learning enhanced genetic programming seeding. Adv. Neural Inf.
Process. Syst. 34, 24912-24923 (2021).

33. Virgolin, M. & Pissis, S. P. Symbolic regression is NP-hard. Trans.
Mach. Learn. Res. https://openreview.net/forum?id=LTiaPxge2e
(2022).

34. Uy, N. Q., Hoai, N. X., O’'Neill, M., McKay, R. |. & Galvan-Lopez, E.
Semantically-based crossover in genetic programming:
application to real-valued symbolic regression. Genet. Program.
Evolvable Mach. 12, 91-119 (2011).

35. McDermott, J. et al. Genetic programming needs better
benchmarks. In Proc. 14th Annual Conference on Genetic and
Evolutionary Computation (eds Soule, T. & Auger, A.) 791-798
(Association for Computing Machinery, 2012).

36. Krawiec, K. & Pawlak, T. Approximating geometric crossover by
semantic backpropagation. In Proc. 15th Annual Conference on
Genetic and Evolutionary Computation (ed. Blum, C.) 941-948
(Association for Computing Machinery, 2013).

37. Cranmer, M. Interpretable machine learning for science with
PySR and SymbolicRegression.jl. Preprint at https://arxiv.org/
abs/2305.01582 (2023).

38. Landajuela, M. et al. A unified framework for deep symbolic
regression. Adv. Neural Inf. Process. Syst. 35, 33985-33998 (2022).

39. Burlacu, B., Kronberger, G. & Kommenda, M. Operon c++:
an efficient genetic programming framework for symbolic
regression. In Proc. 2020 Genetic and Evolutionary Computation
Conference Companion 1562-1570 (Association for Computing
Machinery, 2020).

40. Lorenz, E. N. Deterministic nonperiodic flow. J. Atmos. Sci. 20,
130-141(1963).

41. Gilpin, W. Chaos as an interpretable benchmark for forecasting
and data-driven modelling. In The 35th Conference on
Neural Information Processing Systems Track on Datasets and
Benchmarks (Curran Associates, 2021).

42. Janot, A., Gautier, M. & Brunot, M. Data set and reference
models of EMPS. In Workshop on Nonlinear System Identification
Benchmarks (2019).

43. Nikuradse, J. et al. Laws of Flow in Rough Pipes Technical
Report No. NACA-TM-1292 (1950); https://ntrs.nasa.gov/
citations/19930093938

44, Prandtl, L. Recent Results of Turbulence Research Technical
Report No. NACA-TM-720 (1933); https://ntrs.nasa.gov/
citations/19930094697

45. Goldenfeld, N. Roughness-induced critical phenomenaina
turbulent flow. Phys. Rev. Lett. 96, 044503 (2006).

46. La Cava, W. et al. Contemporary symbolic regression methods
and their relative performance. Adv. Neural Inf. Process. Syst.
2021, 1-16 (2021).

47. Harris, C.R. et al. Array programming with NumPy. Nature 585,
357-362 (2020).

48. Okuta, R., Unno, Y., Nishino, D., Hido, S. & Loomis, C. CuPy:

a NumPy-compatible library for NVIDIA GPU calculations.
In Proc. 31st Conference on Neural Information Processing
Systems (eds von Luxburg, U. & Guyon, |.) 933-940
(Curran Associates, 2017).

49. Bartlett, D. J., Desmond, H. & Ferreira, P. G. Exhaustive symbolic
regression. IEEE Trans. Evol. Comput. 28, 950-964 (2024).

50. Kai, K. Discovering physical laws with parallel symbolic enumeration.
zenodo https://doi.org/10.5281/zenodo.17266354 (2025).

Acknowledgements

The work is supported by the National Natural Science Foundation
of China (No. 92270118, No. 62276269), the Beijing Natural Science
Foundation (No. 1232009), and the Strategic Priority Research
Program of the Chinese Academy of Sciences (No. XDB0620103).
H.S. and Y.L. to acknowledge the support from the Fundamental
Research Funds for the Central Universities (No. 202230265 and
No. E2EG2202X2).

Author contributions

K.R., H.S. and Y.L. contributed to the ideation and design of the
research. K.R. performed the research. H.S. and J.-RW. supervised the
project. All authors contributed to the research discussions, writing
and editing of the paper.

Competinginterests
The authors declare no competing interests.

Additional information
Extended data is available for this paper at
https://doi.org/10.1038/s43588-025-00904-8.

Supplementary information The online version contains supplementary
material available at https://doi.org/10.1038/s43588-025-00904-8.

Correspondence and requests for materials should be addressed to
Hao Sun.

Peer review information Nature Computational Science thanks
Fabricio Olivetti de Franga and the other, anonymous, reviewer(s)
for their contribution to the peer review of this work. Peer reviewer
reports are available. Primary Handling Editor: Fernando Chirigati,
in collaboration with the Nature Computational Science team.

Reprints and permissions information is available at
www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to
jurisdictional claims in published maps and institutional affiliations.

Open Access This article is licensed under a Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License,
which permits any non-commercial use, sharing, distribution and
reproduction in any medium or format, as long as you give appropriate
credit to the original author(s) and the source, provide a link to the
Creative Commons licence, and indicate if you modified the licensed
material. You do not have permission under this licence to share
adapted material derived from this article or parts of it. The images

or other third party material in this article are included in the article’s
Creative Commons licence, unless indicated otherwise in a credit

line to the material. If material is not included in the article’s Creative
Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain
permission directly from the copyright holder. To view a copy of this
licence, visit http://creativecommons.org/licenses/by-nc-nd/4.0/.

© The Author(s) 2025

Nature Computational Science


http://www.nature.com/natcomputsci
https://openreview.net/forum?id=LTiaPxqe2e
https://arxiv.org/abs/2305.01582
https://arxiv.org/abs/2305.01582
https://ntrs.nasa.gov/citations/19930093938
https://ntrs.nasa.gov/citations/19930093938
https://ntrs.nasa.gov/citations/19930094697
https://ntrs.nasa.gov/citations/19930094697
https://doi.org/10.5281/zenodo.17266354
https://doi.org/10.1038/s43588-025-00904-8
https://doi.org/10.1038/s43588-025-00904-8
https://doi.org/10.1038/s43588-025-00904-8
http://www.nature.com/reprints
http://creativecommons.org/licenses/by-nc-nd/4.0/

Article

https://doi.org/10.1038/s43588-025-00904-8

PSE

Operon

BMS

PySR

NGGP

wAIC1

WwAIC2

DGSR

ubSR

TPSR

PSE

Operon

BMS

PySR

NGGP

WAIC1

wAIC2

DGSR

ubSR

TPSR

ShimizuMorioka

0%

0%
0%
0%
0%
0%
0%
0%
0%

Ruckli

0% 50% 100%

ge

TTTT
ITTT

0%
0%
0%
0%

0%
0%
0%
0%

0%
0%
0%
0%

0%
0%
0%
0%

0%
0%
0%
0%

0%

Hyperl

ITT

0%

0%
0%
0%
0%

0%
0%
0%
0%

0%

I

oy |

50%

GenesjoTesi

hLiepnik

TT
IT

I7

FitzHughNagu.
0%
H
0%
0%
0%
0%
0%
0%
0% 0%
0% 0%
0% 0%
0% 0%
0% 0%
0% 0%
0% 0%
0% 0%
0% 0%
0% 0% 0%
H 0% 0%
0% 0% 0%
0% 0% 0%
H 0% 0%
0% 0% 0%
0% 0% 0%
0% 0% 0%
0% 0% 0%
0% 0% 0%
0% 0% 0%
0% 0% 0%
0% 0% 0%
0% 0% 0%
0% 0% 0%
0% 0% 0%
Finance Brusselator K.S.
0%
— — —
— —
—
B 0% B
0% 0% 0%
0% 0% 0%
0% 0% 0%
0%
0%
0%
0%
H
0%
0%
0%
0% 0%
0% 0%
0% 0%
0% 0% 0%
0% 0% 0%
0% 0% 0%
0% 0% 0%
0% 0% 0%
0% 0%
0% 0%
0% 0%
0% 0% 0%
0% 0% 0%
0% 0% 0%
0% 0% 0%
0% 0% 0%
0% 0% 0% 0%
0% 0% 0% 0%
0% 0% 0% 0%
0% 0% 0% 0%

100% 0% 50% 100% 0% 50% 100% 0% 50% 100% 0% 50% 100%

Recovery rate

Extended Data Fig. 1| Data-driven discovery of nonlinear chaotic dynamics by
different models. The average recovery rates of SR algorithms, including PSE,
BMS, PySR, NGGP, DGSR, wAIC, uDSR, TPSR, and Operon, are compared on 16
nonlinear chaotic dynamics datasets. Given the same budget of computational
time, PSE has a higher probability of finding the true governing equations among
anearly infinite number of possible expression structures. Each group of bars

with the same color, from top to bottom, represents the recovery rates under
four different levels of Gaussian noise (1%, 2%, 5%, and 10% of the data’s standard
deviation). Detailed results can be found in Supplementary Tables 16-19. The
error bars represent the 95% confidence interval of the mean recovery rate for
eachsystem.
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