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Dirac nodal line semimetals with topologically protected drumhead surface states have attracted
intense theoretical and experimental attention over a decade. However, the study of type-II Dirac
nodal line semimetals is rare, especially the type-II nodal chain semimetals have not been confirmed
by experiment due to the lack of ideal material platform. In this study, based on symmetry analysis
and the first-principles electronic structure calculations, we predict that CrB4 is an ideal type-I1
Dirac nodal chain semimetal protected by the mirror symmetry. Moreover, there are two nodal
rings protected by both space-inversion and time-reversal symmetries in CrB4. More importantly,
in CrB4 the topologically protected drumhead surface states span the entire Brillouin zone at the
Fermi level. On the other hand, the electron-hole compensation and the high mobility of Dirac
fermions can result in large magnetoresistance effects in CrB4 according to the two-band model.
Considering the fact that CrB4 has been synthesized experimentally and the spin-orbit coupling is
very weak, CrBy provides an ideal material platform for studying the exotic properties of type-II

Dirac nodal chain semimetals in experiment.

I. INTRODUCTION

Topological semimetals with symmetry-protected band
crossing have attracted intense theoretical and experi-
mental interest due to numerous novel physical proper-
ties, such as topologically protected boundary state, chi-
ral anomaly, chiral zero sound, large magnetoresistance
effect, topological catalysis[1-6]. According to both the
degeneracy and dimension of band crossing, topologi-
cal semimetals are divided into zero-dimensional Weyl
semimetals[7, 8], Dirac semimetals[9-12], triple degener-
ate semimetals[13-16], sixfold degenerate semimetals[13,
17, 18], eightfold degenerate semimetals[13, 19, 20],
one-dimensional nodal-line semimetals[21-23], and two-
dimensional nodal surface semimetals[24]. On the other
hand, based on whether the zero-dimensional band cross-
ing has strong tilt along a certain direction, zero-
dimensional topological semimetals can also be divided
into type-I and type-II topological semimetals, such as
type-II Weyl[25-27]. In comparison, type-II topological
semimetals have unique physical properties different from
type-1I topological semimetals such as angle-dependent
chiral anomaly and topological Lifshitz transitions[25-
27].

One-dimensional nodal line semimetals are divided
into Dirac and Weyl nodal line semimetals[21-23]. More-
over, multiple nodal lines can also form nodal chain
semimetals, hopf-links nodal line semimetals and so
on[28, 29]. Naturally, the band crossing on the nodal lines
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can contain type-II Dirac and Weyl points, and the corre-
sponding topological semimetals are called type-II Dirac
and Weyl nodal line semimetals respectively. Although
several type-I nodal line and nodal chain semimetals have
been experimentally confirmed[30-32], type-II nodal line
semimetals have rarely been experimentally confirmed
due to the lack of an ideal material platform. Un-
til recently, ZrSiSe was confirmed as a type-II nodal
line semimetal by angle-resolved photoemission spec-
troscopy (ARPES) measurement[33]. However, type-1I
nodal chain semimetals have yet not been experimentally
confirmed. Therefore, it is very meaningful to predict
type-II nodal chain semimetals with distinct properties
for the study of their novel physical properties in exper-
iment.

In this study, based on symmetry analysis and the
first-principles electronic structure calculations, we pre-
dict that CrB,4 is an ideal type-II Dirac nodal chain
topological semimetal protected by the mirrors M, and
M, (1/2, 1/2, 1/2). In addition, there are also two
nodal rings protected by both space-inversion (I) and
time-reversal (T) symmetries. More importantly, the
topologically protected Fermi arcs of CrBy at the Fermi
level span the entire Brillouin zone. On the other hand,
electron-hole compensation and their high mobility can
cause CrBy to have large magnetoresistance effect. When
spin-orbit coupling (SOC) is considered, CrBy transforms
from type-II nodal chain semimetal to strong topological
insulator with Zs topological invariant (1,000).

II. METHOD

The structural optimization and electronic structure
calculation of CrB4 were studied in the framework of
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density functional theory (DFT) [34, 35]in the Vienna
ab initio simulation package (VASP) [36-38]. The core
electrons as well as the interaction between the core
and valence electrons were described by using the pro-
jector augmented-wave meth [39]. The generalized gra-
dient approximation (GGA) of Perdew-Burke-Ernzerhof
(PBE)[40] type was treated with exchange-correlation
functional, using an energy cut-off of 600 eV for the plane
waves. A 14 x 16 x 20 Monkhorst-Pack k mesh was used
for the Brillouin zone sampling of the unit cell. The inter-
nal atomic positions were fully relaxed until the forces on
all atoms were smaller than 0.01 eV/ A. The tight-binding
Hamiltonian was constructed by the maximally localized
Wannier functions [41-43] and the corresponding topo-
logical properties were obtained by using the Wannier-
Tools package [44].

III. RESULTS

Chromium tetraboride (CrBy), originally suggested to
have the Immm space group (No. 71) with the oI10
unit cell in Pearson notation, was known for excellent
adhesive wear resistance due to its high hardness [45].
Afterwards, Niu et al. [46] experimentally confirmed the
existence of orthorhombic space group Pnnm (No. 58)
CrBy4 with 0p10 unit cell in Pearson notation, which has a
lower symmetry than the former. We optimize the exper-
imental structure for CrB4 with the orthorhombic Pnnm
space group. The optimized lattice constants are a =
4.72 A, b =547 A, and ¢ = 2.85 A. Due to 3d-orbital
electrons with strong correlation, CrB, may have mag-
netism. We consider different magnetic structures for
CrBy, all of which are optimized to nonmagnetic state.
CrBy is thus a paramagnetic material, which is consistent
with the experimental results [49]. The crystal struc-
ture of CrBy is shown in Fig. 1(a-c). From the a direc-
tion, CrBy is composed of the Cr atomic layer and the B
atomic layer, while the B atomic layer is formed by the
distorted hexagon of B atoms (Fig. 1(a) and (c)), which
results in the low symmetry of CrB4. The point group
symmetry of CrBy is Dyj, with generator elements Cs,,
Cox(1/2,1/2, 1/2) and I. The bulk and surface Brillouin
zone (BZ) with the high-symmetry points and lines are
shown in Fig. 1(d).

To study the topological properties of CrBy, we cal-
culate its electronic band structure along the high-
symmetry directions without spin-orbit coupling (SOC),
which is shown in Fig. 2(a). From Fig. 2(a), CrBy is
a semimetal and has only blue and yellow bands cross-
ing the Fermi level. Moreover, there are band crossings
around the Fermi level, thus CrBs may be topological
semimetal protected by crystal symmetry. Symmetry
analysis indicates the band crossing points at the I'-X
and I'-Y axes are protected by the M, symmetry. Due to
the strong tilt along the I'-X direction, the crossing point
is type-II Dirac point. The crossing point on the I'-Y
axis is not tilted along the I'-Y direction and is therefore

FIG. 1. (a), (b), and (c) are the crystal structures of CrB4
with side view, top view along the ¢ and a directions, re-
spectively. The magenta planes and lines represent the cor-
responding left and right terminations.(d) Bulk, (001), and
(010) projected 2D surface BZs of CrB4, where the high-
symmetry lines and the high-symmetry points are marked.

type-I Dirac point. Since the band crossing points on the
different directions can lead to a nodal ring, CrB4 has a
nodal ring with both type-I and type-II Dirac points pro-
tected by the M, symmetry. In addition, there is another
band crossing in the I'-X direction protected by M, (1/2,
1/2, 1/2) symmetry, which is marked by a red arrow.
We guess that there may be two small nodal rings in the
k,=0 plane protected by the M,(1/2, 1/2, 1/2) symme-
try. To prove our guess, we calculate all the nodes for the
blue and yellow bands in the entire BZ, which is shown
in Fig. 2(c). As guessed, CrBy has indeed two small
nodal rings in the k,=0 plane protected by M, (1/2, 1/2,
1/2) symmetry (Fig. 2(c)). Since the two small nodal
rings have a crossing with a larger nodal ring (Fig. 2(c)),
CrBy is a topological nodal chain semimetal. Besides the
nodal chain, there are also two nodal rings located in the
non-high-symmetry surface of the BZ, which can be con-
nected by the mirror M,. The two nodal rings located in
the non-high-symmetry surface of BZ are only protected
by the IT symmetry (the T represents the time-reversal
symmetry and I represents the space-reversal symmetry).
In order to show the nodal ring of CrB4 more directly, we
also calculate the three-dimensional diagram of the yel-
low and blue bands. From Fig. 2(b), the nodal ring in the
M, =0 plane has relatively large dispersion and the type-
I Dirac points below the Fermi levl are clearly shown,
which is conducive to observation by the ARPES exper-
iment. Therefore, CrB, is an ideal Dirac nodal chain
topological semimetal.

Then, we also calculate the three-dimensional Fermi
surface of the CrBy4, which is shown in Fig. 2(d). From
Fig. 2(d), CrB, has a hole-type Fermi surface (blue)
and an electron-type Fermi surface (yellow). Moreover,
our calculations show that the volume of the hole Fermi
surface is equal to that of the electron Fermi surface,
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FIG. 2. (a) The band structure along high-symmetry direc-
tions(left panel) and density of states (right panel) for CrBy
without SOC. The +1 and -1 are the eigenvalues of the mir-
ror M. (b). Bulk energy dispersions of highest valence (bule)
and lowest conduction (yellow) bands in the k.= 0 plane. (c)
The nodal rings and chain in the BZ for CrB4. (d) The hole-
type (left panel) and electron-type (right panel) Fermi sur-
faces.

K, (1/4)

which results in the compensation of the hole and elec-
tron carriers[47, 48]. Meanwhile, the nodal chain and
nodal rings around the Fermi level make the hole and
electron carriers have high mobility. According to the
two-band model, CrBy has a large magnetoresistance ef-
fect when the applied electric and magnetic fields are per-
pendicular to each other. Due to the existence of type-
IT Dirac fermions, CrBs may have anisotropic negative
magnetoresistance effect when the applied electric and
magnetic fields are parallel[25, 26].

It is well known that nodal ring semimetals have topo-
logically protected boundary states. CrBy has five nodal
rings which can be projected onto the (001) and (010)
surfaces (Fig. 2(c)). Therefore, CrBy4 has topologically
protected boundary states on the both (001) and (010)
surfaces. Then, we calculate the boundary states of CrBy
on the (001) and (010) surfaces, which are shown in Fig. 3
and Fig. 4, respectively. For the (001) surface, CrBy4 has
three topologically protected surface states crossing the
Fermi levels deriving from the three nodal rings projected
onto the (001) surface. More importantly, the Fermi arcs
of CrBy at the Fermi level span the entire BZ. For the
(010) surface, CrBy4 has two topologically protected sur-
face states near the Fermi level deriving from two small
nodal rings projected onto the (010) surface. Moreover,
the Fermi arcs at the Fermi level also span the entire BZ.
The Fermi arcs across the entire BZ at the Fermi level
may result in CrBy having good catalytic propertyl5, 6].

When considering SOC, the symmetry of CrB, changes
from Dyp, point group to Dgyj double point group. The
highest symmetry for the high-symmetry axis in the BZ
is Cy, double group, such as the I'-X axis. Since there is
only one two-dimensional irreducible representation for
Ca, double group, both the nodal rings and nodal chain
of CrB4 must open an energy gap. Since both B and Cr

FIG. 3.
tions of CrBy left (a) and right (b) terminations for the (001)
surface, which are contributed by Cr-B layers. The Fermi arcs
at the Fermi level for left (c) and right (d) terminations.
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FIG. 4. Spectral function along the high-symmetry direc-
tions of CrBy left (a) and right (b) terminations for the (010)
surface, which are contributed by B layers. The Fermi arcs
at the Fermi level for left (c) and right (d) terminations.

atoms are light elements, the SOC effect of CrBy is very
weak. With SOC(as shown in Fig.6), the sizes of the open
bandgaps at the I'-X and I'-Y Dirac points are 2 meV,
27meV, and 18 meV respectively for CrBy (Fig. 5(a)).
Considering that the SOC effect of the 2p orbitals of a B
atom is much smaller than 1 meV, the four bands near
the Fermi level are mainly contributed by the 3d orbitals
of the Cr atom, which is also proved by the calculation
of the DOS of CrBy (Fig. 2(a)). Due to the weak SOC
effect, CrB4 can be a model material for studying the
novel physical properties of the type-II Dirac nodal chain
in experiment.

On the other hand, what topological phase will CrBy
transition from Dirac nodal chain semi-metal to under
SOC 7 Since the parities of the two inversion bands at the
time-reversal invariant I' point are opposite (Fig. 5(a)),
CrBy4 may be a strong topological insulator. In order



TABLE I. The product of parity of eight time-reversal-
invariant points (TRTPs) for the 24 bands below the yellow
band.

TRIPs I' Z UR T X Y S Total
parity - + + + + + + + -

to determine the Zs topological invariants of CrBy, we
need to calculate the parities of the eight time-reversal
invariant points for 48 bands below the yellow bands[49].
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In fact, the nonsymmorphic symmetry of CrBy can
greatly simplify the calculation of Z, topological invari-
ants. The SOC effect does not change the parity of time-
reversal invariant points, thus we only need to perform
symmetry analysis without SOC. According to equa-
tions (1) and (2), Can(1/2, 1/2, 1/2)I=ICy,(1/2, 1/2,
1/2)e=*T where T represents the translation (1,1,1).
Obviously, the fractional translation (1/2, 1/2, 1/2)
makes Co, and I anticommutative at the time-reversal
invariant X, Y, Z, and R points. Suppose V¥ is an eigen-
state of I with eigenvalue to be 1. Since Ca,(1/2, 1/2,
1/2) and I are anticommutative, Ca,(1/2, 1/2, 1/2)¥ is
eigenstate of I with eigenvalue to be -1. Moreover, the
Hamiltonian of CrB4 commutes with Ca,(1/2, 1/2, 1/2)
and I, so ¥ and Cq,(1/2, 1/2, 1/2)¥ form a double de-
generate state at time-reversal invariant X, Y, Z, and R
points as shown in Fig. 2(a). Since the symmetry analy-
sis is general, every band is of double degeneracy at the
time-reversal invariant X, Y, Z, and R points, and the
parity product of every doubly degenerate band is -1.
There are 12 doubly degenerate bands below the yellow
band, so the parity product of the occupying states at
the time-reversal invariant points X, Y, Z and R is 1.

Similar to the time-reversal invariant X Y, Z and R
points, our analysis indicates the Co,(1/2, 1/2, 1/2) and
M., being anticommutative at the time-reversal invariant
U and T points. If ¥ is the eigenstate of M, with the
eigenvalue 1, Cq,(1/2, 1/2, 1/2)T is the eigenstate of
M, with the eigenvalue -1. The Hamiltonian of CrBy is
commutative with both Ca,(1/2, 1/2, 1/2) and M., so ¥
and Cg,(1/2, 1/2, 1/2)¥ form a doubly degenerate state.
Given that I is also commutative with both Cq,(1/2, 1/2,
1/2) and M, ¥ and Cy,(1/2, 1/2, 1/2)T have the same
parity. Since every band is of double degeneracy at the
time-reversal invariant U, and T points, and the parity
product of every doubly degenerate band is 1, so the
product of the parity of the time-reversal invariant U and

FIG. 5.

(a) The band structure for CrB4 with SOC along
high-symmetry directions. (b) Spectral function along the
high-symmetry directions left terminations for the (001) sur-
face. The '+’ and -’ represent parity for space-inversion sym-
metry.

T points is 1 for the 12 doubly degenerate bands below
the yellow band.

For the  time-reversal invariant S  point,
(Cor(1/2,1/2,1/2)T)? is equal to -1, which causes
¥ and Ca,(1/2, 1/2, 1/2)T¥ to become Kramers degen-
erate. Since Cg,(1/2,1/2,1/2)T and I are commutative,
the product of parity of every degenerate state at the
time-reversal invariant S point is 1. Correspondingly,
the product of parity at the time-reversal invariant
S point is also 1 for the 12 doubly degenerate bands
below the yellow band. These results of the above
symmetry analysis are shown in Table 1. Thus the
Zs topological invariant of CrBy depends only on the
parity of the I' point. Our calculations show that the
product of parity at the time-reversal invariant I' point
for the 24 non-degenerate bands below the yellow band
is -1 (table I). When SOC is considered, the 24 bands
below the yellow band become 48 bands. However, the
calculation of the Zs topological invariants requires only
the product of the parity of half of the 48 bands, which
is consistent with the result of the parity product of
the 24 bands without SOC. According to these results
in Table I, the Zs topological invariants are (1,000)
for CrB4, which is also consistent with calculations of
WannierTools packages. Therefore, CrBy is a strong
topological insulator.

The strong topological insulator has nontrivial Dirac
surface states protected by the time-reversal symmetry.
The calculated topological surface states of CrB4 on the
(001) surface are shown Fig. 5(b). Compared with Fig.
3(a), one topologically protected surface state splits into
two, but the splits are very small, so the Dirac points
of the surface state protected by the time-reversal sym-
metry are not obvious, which also implies the weak SOC
effect of CrBy. Since there are only two non-trivial bands
around the Fermi level and its topologically protected
surface states at the Fermi level span the entire BZ, CrBy
is an ideal type-II Dirac nodal chain semimetal with dis-
tinct properties.



IV. IN SUMMARY

Based on symmetry analysis and the first-principles
electronic structure calculations, we predict that CrBy is
a topological semimetal with a type-II nodal chain and
two nodal rings protected respectively by mirror symme-
try and IT symmetry. More importantly, the topolog-
ically protected drumhead surface states of CrBy span
the entire BZ at the Fermi level. Meanwhile, there are
only two nontrivial bands crossing the Fermi level, thus
CrBy is an ideal type-1I Dirac nodal chain semimetal with
distinct properties. When considering SOC, CrB4 trans-
forms from topological semimetal phase to topological
insulator phase. Because it has been synthesized exper-
imentally and has a very weak SOC effect, CrBy is an
ideal material platform for studying the exotic properties

of type-II Dirac nodal chain semimetals in experiment.
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